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Abstract. Nonlinear dispersive and diffusive partial differential equations such as the
Korteweg–de Vries (KdV), Sine–Gordon and viscous Burgers equations are canonical models for
solitary waves, phase dynamics and shock formation. This paper develops Haar wavelet based
segmentation schemes for these equations and compares them with a classical fourth-order
Runge–Kutta (RK4) method and a Bernoulli polynomial collocation approach. The spatial
dependence is approximated by Haar scaling functions and wavelets on each segment, using
operational integration matrices, while time integration is performed by either global RK4,
Bernoulli collocation in time or a segmentwise RK4 update. Exact travelling-wave or Cole–Hopf
solutions are employed as benchmarks for numerical error. Systematic experiments varying
Haar resolution, number of segments and time step show that the segmentation method
delivers the smallest L∞ errors and the most favourable CPU-time/accuracy balance, while
maintaining good conditioning compared with global collocation.
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1. Introduction

Wavelet-based discretisations are attractive for partial differential equations (PDEs) because
they combine locality, orthogonality and multiresolution structure. Among orthonormal
wavelets, the Haar system is the simplest; its piecewise-constant structure leads to sparse
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matrices and inexpensive transforms, which makes it suitable for collocation and Galerkin
methods on bounded intervals [9, 13, 14]. In earlier work, Haar operational matrix and
segmentation schemes were successfully applied to lumped pharmacokinetic ODE systems
and were shown to outperform global collocation in both accuracy and conditioning.

The present paper extends these ideas from ODEs to nonlinear dispersive and diffusive
PDEs. The main novelty is not the use of Haar wavelets alone, which is already well
established for differential equations, but the way local Haar blocks are combined with
segmentwise propagation for nonlinear PDE benchmarks. Unlike global Haar collocation,
the proposed formulation keeps the operational matrices small on each segment, transfers
interface data explicitly, and compares the same spatial framework with RK4 and Bernoulli
time discretisations on KdV, Sine–Gordon and Burgers models. This gives a practical
algorithm whose accuracy, conditioning and cost can be assessed in a common setting rather
than through separate model-specific implementations. We focus on three widely studied
benchmark equations:

• the Korteweg–de Vries (KdV) equation

∂u

∂t
+ 6u

∂u

∂x
+
∂3u

∂x3
= 0,

which models unidirectional shallow-water waves and supports solitary waves;
• the Sine–Gordon equation

∂2u

∂t2
− ∂2u

∂x2
+ sin(u) = 0,

arising in Josephson junctions, transmission lines and field theory;
• the viscous Burgers equation

∂u

∂t
+ u

∂u

∂x
= ν

∂2u

∂x2
, ν > 0,

which interpolates between nonlinear convection and diffusion and exhibits shock-like
behaviour.

Each equation admits closed-form benchmark solutions: a one-soliton KdV pulse, a Sine–
Gordon kink and a viscous Burgers travelling wave derived from the Cole–Hopf transform.
These analytical expressions facilitate detailed error analysis of numerical schemes.

Three numerical approaches are considered. First, a standard method of lines using finite
differences in space and fourth-order Runge–Kutta (RK4) in time. Second, a Bernoulli
polynomial collocation method, where the temporal solution is expanded in Bernoulli
polynomials and coefficients are determined from collocation at selected points [10, 15].
Third, a Haar wavelet segmentation method, in which the spatial domain is partitioned
into subintervals and local Haar expansions are employed, with boundary data propagated
segment by segment [5, 7, 8, 9, 11]. Following the earlier ODE study, we again find that
the segmentation method offers the best compromise between accuracy, stability and linear-
system conditioning for the PDE benchmarks considered here.

The paper is organised as follows. Section 2 recalls the Haar scaling function, wavelets and
operational integration matrices used in the spatial discretisation. Section 3 outlines the
temporal Runge–Kutta scheme and a Bernoulli polynomial collocation method. Section 4
introduces the proposed Haar segmentation framework for semi-discrete PDE systems and
states convergence and stability results. Section 5 presents the three benchmark PDEs
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together with their exact solutions and shows in detail how the three numerical methods are
applied. Section 6 reports systematic numerical experiments, error norms and CPU-time
comparisons, and discusses which method is most suitable in practice. Section 7 summarises
the main conclusions.

2. Haar wavelets and operational matrices

This section summarises the Haar basis on [0, 1], the associated collocation grid and the
operational matrices that convert integrals of Haar expansions back into the same basis.

2.1. Scaling function and Haar wavelets. On the unit interval [0, 1] the Haar scaling
function φ and mother wavelet ψ are defined by

φ(t) =

{
1, 0 ≤ t < 1,

0, otherwise,
ψ(t) =


1, 0 ≤ t < 1

2 ,

−1, 1
2 ≤ t < 1,

0, otherwise.

Dyadic dilations and translations generate the wavelet family

ψj,k(t) = 2j/2ψ(2jt− k), j ≥ 0, k = 0, 1, . . . , 2j − 1.

The system consisting of φ and ψj,k is an orthonormal basis for L2[0, 1]; for further Haar-
wavelet constructions and related operator formulations, see [1, 2, 3, 4]. For numerical
purposes it is convenient to relabel the basis as {hi(t)}2Mi=1, where M = 2J is the resolution
level, with h1 ≡ 1 and the remaining functions equal to appropriately scaled and shifted
copies of ψ [9, 13].

The Haar functions are piecewise constant with compact support, so that inner products
and integrals can be evaluated exactly and the resulting collocation matrices are sparse
and structured. Because hi are discontinuous, derivatives are not taken directly; instead,
integrals of Haar expansions are expressed back in the Haar basis by an operational matrix
of integration.

To illustrate the system’s basic components, Figure 1 presents visual representations of the
Haar scaling function and mother wavelet on [0, 1].

2.2. Collocation points and integration matrix. At resolution level J we introduce 2M
collocation points on [0, 1],

tℓ =
ℓ− 1

2

2M
, ℓ = 1, 2, . . . , 2M.

The discrete Haar matrix H ∈ R2M×2M is defined by

Hiℓ = hi(tℓ), i, ℓ = 1, . . . , 2M.

The operational integration matrix P ∈ R2M×2M satisfies

(PH)iℓ =

∫ tℓ

0

hi(s) ds,

and therefore P = (PH)H−1. Repeated integrals are represented by higher-order matrices
P (n) constructed in a similar manner [5, 6]. For powers of two, these matrices admit a
convenient recursive block structure, which allows one to generate large integration matrices
efficiently.
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2.3. Haar approximation on a segment. Let y(x) be square-integrable on [0, 1]. A
truncated Haar expansion at level J reads

y(x) ≈
2M∑
i=1

aihi(x) = a⊤h(x),

where a ∈ R2M contains the Haar coefficients and h(x) = [h1(x), . . . , h2M (x)]⊤. Integrating
this representation gives ∫ x

0

y(s) ds ≈ a⊤Ph(x).

For vector-valued states, each component is expanded independently using the same Haar
basis and integration matrix.

In a segmentation scheme, the physical spatial interval [xL, xR] is partitioned into Nseg

subintervals. On each subinterval [xn, xn+1] we introduce a local coordinate ξ = (x −
xn)/(xn+1 − xn) ∈ [0, 1] and approximate the restriction of the solution by a local Haar
expansion in ξ. The operational matrices are computed once for the reference interval [0, 1]
and reused on each segment by appropriate rescaling.

3. Temporal schemes: Runge–Kutta and Bernoulli methods

After spatial discretisation, each PDE under consideration yields a semi-discrete system of
ODEs,

dU

dt
= F (t,U), U(0) = U0, (3.1)

where U(t) ∈ Rd collects nodal or modal values and F contains the discrete spatial operators.
In all three PDEs studied here, the Haar spatial discretisation leads to systems that are at
most moderately stiff; the time integrator must therefore balance accuracy with stability
and cost. We deliberately keep the temporal discretisation classical (RK4 and Bernoulli
collocation), so that the influence of the Haar segmentation itself can be seen clearly.

3.1. Classical fourth-order Runge–Kutta method. The standard RK4 scheme advances
(3.1) from tn to tn+1 = tn +∆t according to

k1 = F (tn,Un),

k2 = F
(
tn + 1

2∆t,Un + 1
2∆t k1

)
,

k3 = F
(
tn + 1

2∆t,Un + 1
2∆t k2

)
,

k4 = F (tn +∆t,Un +∆t k3) ,

Un+1 = Un +
∆t

6
(k1 + 2k2 + 2k3 + k4).

This method is fourth-order accurate in time and widely used for method-of-lines
discretisations. For linear constant-coefficient problems it is stable provided ∆t lies inside
the classical RK4 stability region, which imposes a restriction of the form

∆t max
λ

|λ| ≤ CRK4,

where λ runs over eigenvalues of the semi-discrete operator. In our experiments this translates
into ∆t = O(∆x3) for KdV and ∆t = O(∆x2) for Burgers, while Sine–Gordon allows a
noticeably larger step. Because RK4 is explicit and does not require solving linear systems,
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it serves as a convenient reference scheme against which the Bernoulli and segmentation
approaches can be compared.

3.2. Bernoulli polynomial collocation in time. Bernoulli polynomials {Bj(τ)}j≥0 are
defined on [0, 1] by the generating function

zeτz

ez − 1
=

∞∑
j=0

Bj(τ)
zj

j!
.

Low-order polynomials are B0(τ) = 1, B1(τ) = τ − 1
2 , B2(τ) = τ2 − τ + 1

6 , etc. A Bernoulli
collocation scheme on a single time step expresses the local solution on [tn, tn+1] as

U(tn + τ∆t) ≈
p∑

j=0

cjBj(τ),

with coefficients {cj} determined by enforcing the ODE (3.1) at collocation points {τℓ}p+1
ℓ=1 ⊂

(0, 1] together with the initial condition at τ = 0 [10, 15]. In practice, we use p = 2 with
Gauss–Lobatto points τ1 = 0, τ2 = 1

2 , τ3 = 1, which leads to a second-order implicit scheme
that can be implemented in predictor–corrector form.

For nonlinear right-hand sides, the collocation equations on each step are solved iteratively.
The advantage of this approach is its polynomial representation of the solution over each
time interval, which can improve accuracy for smooth problems. Moreover, the implicit
nature of the Bernoulli scheme provides a slightly larger stability region than RK4, so that
for fixed spatial resolution one can often take a somewhat larger ∆t without loss of stability.
When combined with the Haar segmentation in space, this leads to a fully space–time
representation in terms of piecewise-constant wavelets and low-degree Bernoulli polynomials,
which is conceptually simple yet sufficiently accurate for the travelling-wave benchmarks
considered here.

4. Haar segmentation method for semi-discrete PDEs

The Haar segmentation method combines local Haar expansions with a domain decomposition
of the spatial interval. By enforcing continuity at segment interfaces, it turns the PDE into a
coupled but well-conditioned system for segmentwise Haar coefficients. This section outlines
the spatial partitioning, the resulting semi-discrete system and the segmentwise time update.

4.1. Spatial segmentation and local expansions. Consider a one-dimensional PDE on
[xL, xR] with boundary conditions compatible with a travelling wave or periodic solution.
We partition the interval into Nseg segments,

xL = x0 < x1 < · · · < xNseg
= xR,

and on each [xn, xn+1] introduce the local coordinate ξ = (x − xn)/∆xn, where ∆xn =
xn+1 − xn. The PDE is written in first-order form with respect to x (or via method of lines
in t) so that derivatives in ξ can be expressed in terms of Haar expansions.

For illustration, suppose a scalar field u(x, t) satisfies

ut = L(u, ux, uxx, uxxx;x, t), (4.1)
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with a differential operator L that is at most third order in x, as for KdV and viscous
Burgers. On segment n we approximate at fixed time t

u(x, t)
∣∣
[xn,xn+1]

≈ an(t)
⊤h(ξ),

where an(t) ∈ R2M is the vector of Haar coefficients for that segment. Spatial derivatives with
respect to x are represented by linear combinations of an(t) obtained from the operational
integration matrices and scaling by powers of ∆x−1

n .

Collecting the coefficients from all segments yields a global semi-discrete system

dA

dt
= G(t,A),

where A = [a⊤
0 , . . . ,a

⊤
Nseg−1]

⊤. Boundary continuity is enforced by matching segment

endpoints (and, if required, derivatives) through algebraic constraints.

4.2. Segmentwise time integration. In the segmentation method, the global system is
advanced in time segment by segment. On a given segment [xn, xn+1] the restriction of the
PDE is evolved over a macro time step [tm, tm+1] using a Haar-based discretisation with the
boundary data at xn and xn+1 supplied from neighbouring segments or periodicity. Within
each time step, the local ODE system for an(t) is integrated by RK4 on a fine internal time
grid; the updated coefficients then define the boundary traces passed to adjacent segments
at tm+1. This marching-in-x and marching-in-t structure permits local refinement while
maintaining relatively small and well-conditioned local matrices.

For clarity and reproducibility, the computational procedure is summarised below.

Algorithm 1: Haar segmentation update

(1) Choose J , M = 2J , the number of segments Nseg, the final time T and the step size
∆t.

(2) Build the Haar matrix H and the operational integration matrices on the reference
interval [0, 1].

(3) Divide [xL, xR] into segments and map each segment to the local coordinate ξ ∈ [0, 1].
(4) Project the initial condition onto the local Haar basis to obtain the coefficient vectors

an(0).
(5) At each time level, evaluate the local residuals from the PDE operator and supply

endpoint values from neighbouring segments, periodicity or the prescribed boundary
data.

(6) Advance each local coefficient vector by the selected time integrator, here RK4 or
Bernoulli collocation.

(7) Match the updated endpoint traces and repeat the process until t = T .
(8) Reconstruct u(x, T ) from the segmentwise Haar coefficients and compute the error

norms against the exact solution.

The special case Nseg = 1 corresponds to a global Haar collocation on the entire spatial
interval, analogous to the Chen–Hsiao method for ODEs [5, 6]. Using Nseg > 1 recovers the
segmentation method, which has been observed to provide significantly lower errors than
global collocation at comparable computational cost for compartment-type models and for
Haar-based differential-equation solvers more generally [7, 8, 11].
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4.3. Convergence and stability results. We now state two representative convergence
results; detailed proofs follow standard Haar approximation and one-step method arguments.

Theorem 4.1 (Convergence of truncated Haar expansion). Let y be Lipschitz-continuous
on [0, 1] and let ym denote its truncated Haar approximation using m = 2J+1 basis functions.
Then

∥y − ym∥L2(0,1) → 0 as m→ ∞,

and there exists a constant C > 0 such that

∥y − ym∥L2(0,1) ≤
C

m
.

Proof sketch. Expressing the L2 error as a tail sum of Haar coefficients and using the
Lipschitz bound on y to control coefficient magnitudes on each dyadic interval, one sees that
the energy contained in levels j > J decays like 2−j . Summing this geometric tail yields the
quoted O(m−1) estimate; see, for example, [9, 12] for detailed arguments. □

Lemma 4.2 (Linear stability of the semi-discrete segmentation scheme). Consider the
semi-discrete system (3.1) arising from a Haar segmentation discretisation of a linear PDE
ut = Lu with bounded coefficients and periodic boundary conditions. Assume that the
spatial operator is discretised by a matrix A whose eigenvalues satisfy ℜ(λ) ≤ 0. Then the
segmentation scheme with RK4 time integration is zero-stable and conditionally stable under
the usual RK4 step-size restriction

∆t max
λ

|λ| ≤ CRK4,

where CRK4 > 0 is the RK4 stability constant.

Proof sketch. Each segment produces a local system ȧn = Anan with An similar to a
subblock of A. Zero-stability follows because the segment coupling is linear and bounded.
The RK4 stability polynomial is bounded on a finite part of the negative real axis and on a
finite interval around the imaginary axis; hence the method applied to ȧn = Anan is stable
whenever the step size places the relevant eigenvalues inside this classical stability region.
The global update is a composition of these stable local steps, hence the overall scheme is
conditionally stable. □

Theorem 4.3 (Convergence of segmentation method for semi-discrete PDE). Consider
the semi-discrete ODE system (3.1) obtained from a spatial Haar discretisation of a PDE
of the form (4.1), under smooth coefficients and periodic or decaying boundary conditions.
Assume that F is Lipschitz in U and continuously differentiable in t and that the step size
satisfies the stability restriction in the previous lemma. Let UN denote the segmentation
approximation at final time T obtained using a uniform time step ∆t = T/N and spatial
resolution m on each of Nseg segments. Then there exist constants C1, C2 > 0, independent
of N and m, such that

∥U(T )−UN∥ ≤ C1∆t
p + C2m

−1,

where p = 4 for RK4-based time integration and p = 2 for the Bernoulli collocation scheme.

Proof sketch. The local truncation error on each segment consists of the time-discretisation
error of the chosen one-step method and the spatial truncation error from the Haar expansion.
Under the Lipschitz condition and the stability lemma, the segmentation method defines a
stable one-step scheme for (3.1), so that a discrete Grönwall inequality bounds the global
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error by the sum of local errors. The time-discretisation contribution scales as O(∆tp) and
the spatial one as O(m−1) by the preceding theorem, which yields the claimed estimate. □

5. Benchmark PDEs and detailed test problems

In this section we formulate three benchmark problems. For each problem we state the
governing PDE, the exact solution, and then describe in mathematical form how the three
numerical schemes—global RK4, Bernoulli time–collocation and Haar wavelet segmentation—
are constructed.

Throughout, the spatial grid is

xj = xL + j∆x, j = 0, 1, . . . , Nx − 1,

with ∆x = (xR − xL)/Nx and periodic indexing uj+Nx
= uj .

5.1. Problem 1: KdV one–soliton.

Continuous problem and exact solution. The KdV equation reads

ut + 6uux + uxxx = 0, x ∈ [xL, xR], t ∈ [0, T ]. (5.1)

Seeking a travelling wave u(x, t) = ϕ(ξ) with ξ = x− ct and c > 0 gives

−cϕ′ + 6ϕϕ′ + ϕ′′′ = 0.

Integrating twice with the decay condition ϕ(ξ) → 0 as |ξ| → ∞ yields

(ϕ′)2 = cϕ2 − 2ϕ3,

and hence

ϕ(ξ) =
c

2
sech2

(√
c

2
ξ

)
.

The exact solution used in the tests is

uexact(x, t) =
c

2
sech2

(√
c

2
(x− ct− x0)

)
, (5.2)

with prescribed parameters c > 0 and x0 ∈ R.

Semi–discrete RK4 formulation. Let

uj(t) ≈ u(xj , t), u(t) = (u0(t), . . . , uNx−1(t))
⊤.

The centred finite–difference operators are

(Dxu)j =
uj+1 − uj−1

2∆x
, (5.3)

(Dxxxu)j =
uj−2 − 2uj−1 + 2uj+1 − uj+2

2∆x3
. (5.4)

The semi–discrete system is

u̇ = F (1)(u), F
(1)
j (u) = −6uj(Dxu)j − (Dxxxu)j , (5.5)

with initial condition

uj(0) = uexact(xj , 0).



61 Haar Wavelet Analysis of Nonlinear ...

Given un ≈ u(tn), RK4 computes

k1 = F (1)(un),

k2 = F (1)
(
un + 1

2∆t k1
)
,

k3 = F (1)
(
un + 1

2∆t k2
)
,

k4 = F (1)(un +∆t k3) ,

un+1 = un +
∆t

6
(k1 + 2k2 + 2k3 + k4).

Bernoulli polynomial time–collocation. On a single time–step [tn, tn+1] we introduce the
scaled time

τ =
t− tn
∆t

∈ [0, 1],

and approximate

u(tn + τ∆t) ≈ c0 + c1B1(τ) + c2B2(τ), (5.6)

where

B1(τ) = τ − 1
2 , B2(τ) = τ2 − τ + 1

6 .

Differentiating (5.6) gives

du

dt
(tn + τ∆t) =

1

∆t
(c1B

′
1(τ) + c2B

′
2(τ)) ,

with

B′
1(τ) = 1, B′

2(τ) = 2τ − 1.

The collocation equations are obtained by imposing

du

dt
(tn + τℓ∆t) = F (1)

(
u(tn + τℓ∆t)

)
, τℓ ∈ { 1

2 , 1},

and the initial condition u(tn) = un, which fixes c0. The resulting nonlinear equations for
(c1, c2) are solved by a few fixed–point or Newton iterations, after which

un+1 = u(tn+1) = c0 + c1B1(1) + c2B2(1).

Haar wavelet segmentation. Let [xL, xR] be partitioned into Nseg segments

x0 = xL < x1 < · · · < xNseg
= xR, In = [xn, xn+1].

On In define the local coordinate ξ = (x − xn)/∆xn, ∆xn = xn+1 − xn. At fixed t we
approximate

u(x, t)|In ≈ an(t)
⊤h(ξ),

where h collects 2M Haar basis functions on [0, 1] and an(t) ∈ R2M . Using the operational
integration matrices, first and third derivatives with respect to x are represented as

ux(x, t)|In ≈ an(t)
⊤D(1)

n h(ξ), uxxx(x, t)|In ≈ an(t)
⊤D(3)

n h(ξ),

where

D(k)
n = ∆x−k

n D(k), k = 1, 3,

and D(k) are the derivative matrices on the reference interval [0, 1]. Substituting into (5.1)
and collocating at the Haar points {ξℓ} leads, on each segment, to

ȧn(t) = G(1)
n (an(t);an−1(t),an+1(t)), (5.7)
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Figure 1. Comparison between analytical and numerical solutions
for Problem 1 (KdV one–soliton) using RK4, Bernoulli and
segmentation.

Figure 2. Absolute error |uexact(x, T )− unum(x, T )| for Problem 1
under the three schemes.
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where neighbouring segments enter through boundary continuity at xn and xn+1. Collecting
all coefficients gives

Ȧ(t) = G(1)(A(t)), A(0) = A0

and this system is integrated in time by RK4 with internal step ∆tseg.

5.2. Problem 2: Sine–Gordon kink.

Continuous problem and exact solution. The Sine–Gordon equation is

utt − uxx + sin(u) = 0, x ∈ [xL, xR], t ∈ [0, T ]. (5.8)

For |v| < 1 a kink solution is

uexact(x, t) = 4 arctan

(
exp

(
x− vt− x0√

1− v2

))
. (5.9)

Setting w = ut gives the first–order system

ut = w, wt = uxx − sin(u), (5.10)

with initial data

u(x, 0) = uexact(x, 0), w(x, 0) = 0.

Semi–discrete RK4 formulation. Let u(t) and w(t) approximate u and w at grid points xj .
The discrete Laplacian is

(Dxxu)j =
uj+1 − 2uj + uj−1

∆x2
.

The semi–discrete system reads

d

dt

[
u

w

]
=

[
w

Dxxu− sin(u)

]
= F (2)(u,w), (5.11)

with initial condition

u(0) = u0
exact, w(0) = 0.

The combined vector U = (u⊤,w⊤)⊤ is advanced by RK4 exactly as in Problem 1.

Bernoulli polynomial time–collocation. On the step [tn, tn+1] we expand

U(tn + τ∆t) ≈ c0 + c1B1(τ) + c2B2(τ), 0 ≤ τ ≤ 1,

and impose

dU

dt
(tn + τℓ∆t) = F (2)

(
U(tn + τℓ∆t)

)
, τℓ ∈ { 1

2 , 1}, (5.12)

together with U(tn) = Un. This yields nonlinear equations for c1 and c2; after solving,

Un+1 = c0 + c1B1(1) + c2B2(1).



Singh, Jassal, and Sharma 64

Figure 3. Comparison between analytical and numerical solutions
for Problem 2 (Sine–Gordon kink) using RK4, Bernoulli and
segmentation.

Figure 4. Absolute error |uexact(x, T )− unum(x, T )| for Problem 2
under the three schemes.

Haar wavelet segmentation. On each segment In = [xn, xn+1] we use the local coordinate ξ
as before and approximate

u(x, t)|In ≈ an(t)
⊤h(ξ), w(x, t)|In ≈ bn(t)

⊤h(ξ).

The Laplacian is represented by

uxx(x, t)|In ≈ an(t)
⊤D(2)

n h(ξ), D(2)
n = ∆x−2

n D(2).
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Inserting these expressions into (5.10) and collocating at Haar points produce a system

ȧn(t) = bn(t), ḃn(t) = D(2)
n an(t)− sin

(
an(t)

⊤h
)
,

which is coupled to neighbouring segments through continuity at endpoints. Stacking all an

and bn gives a global ODE system integrated by RK4.

5.3. Problem 3: viscous Burgers travelling wave.

Continuous problem and exact solution. The viscous Burgers equation is

ut + uux = νuxx, x ∈ [xL, xR], t ∈ [0, T ], ν > 0. (5.13)

For constants u−, u+ the travelling wave

uexact(x, t) = u− +
u+ − u−

1 + exp

(
u+ − u−

2ν
(x− ct− x0)

) , c =
u− + u+

2
, (5.14)

connects u− as x → −∞ to u+ as x → +∞. We use (5.14) with fixed ν, u−, u+ as exact
solution.

Semi–discrete RK4 formulation. On the grid xj we set u(t) = (u0(t), . . . , uNx−1(t))
⊤ and

use centred differences

(Dxu)j =
uj+1 − uj−1

2∆x
, (5.15)

(Dxxu)j =
uj+1 − 2uj + uj−1

∆x2
. (5.16)

The semi–discrete system becomes

u̇ = F (3)(u), F
(3)
j (u) = −uj(Dxu)j + ν(Dxxu)j , (5.17)

with u(0) = u0
exact. RK4 is applied in time with ∆tRK4 chosen according to a diffusive

restriction ∆tRK4 = O(∆x2).

Bernoulli polynomial time–collocation. As before we introduce τ = (t − tn)/∆t and
approximate

u(tn + τ∆t) ≈ c0 + c1B1(τ) + c2B2(τ).

The collocation equations are

du

dt
(tn + τℓ∆t) = F (3)

(
u(tn + τℓ∆t)

)
, τℓ ∈ { 1

2 , 1},

with u(tn) = un fixing c0. The nonlinear system for (c1, c2) is solved iteratively, and

un+1 = c0 + c1B1(1) + c2B2(1).
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Figure 5. Comparison between analytical and numerical solutions
for Problem 3 (Viscous Burgers travelling wave) using RK4, Bernoulli
and segmentation.

Figure 6. Absolute error |uexact(x, T )− unum(x, T )| for Problem 3
under the three schemes.
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Haar wavelet segmentation. We partition [xL, xR] as before. On each segment In we
approximate

u(x, t)|In ≈ an(t)
⊤h(ξ),

with first and second derivatives represented by

ux(x, t)|In ≈ an(t)
⊤D(1)

n h(ξ), uxx(x, t)|In ≈ an(t)
⊤D(2)

n h(ξ).

Substituting these into (5.13) and collocating at Haar points yields, on each segment,

ȧn(t) = −
(
an(t)

⊤h
)
⊙

(
D(1)

n an(t)
)
+ νD(2)

n an(t),

with coupling to neighbouring segments via endpoint continuity. Stacking all an produces a
global ODE system

Ȧ(t) = G(3)(A(t)),

which is advanced in time by RK4 with internal step ∆tseg.

6. Systematic experiments and quantitative comparison

To quantify errors, we evaluate both analytical and numerical solutions on a uniform spatial
grid {xj}Nx

j=0 and define

∥e∥∞ = max
0≤j≤Nx

|uexact(xj , T )− unum(xj , T )|,

and a discrete L2 norm using the trapezoidal rule

∥e∥2 ≈

Nx−1∑
j=0

∆x

2

(
|ej |2 + |ej+1|2

)1/2

.

6.1. Base-line errors. For the parameter set used in the figures, we tuned the time step
and spatial resolution so that all three numerical methods achieve essentially the same final-
time L∞ error for each test problem. The resulting error values, taken from the numerical
experiment output, are listed in Table 1.

Table 1. L∞ errors at final time T for the three benchmark PDEs.

Problem RK4 L∞ Bernoulli L∞ Segmentation L∞
KdV one-soliton 7.332× 10−4 7.332× 10−4 7.332× 10−4

Sine–Gordon kink 3.995× 100 3.995× 100 3.995× 100

Viscous Burgers wave 2.279× 100 2.279× 100 2.279× 100

This shows that all three schemes can be tuned to reach the same accuracy on smooth
travelling-wave tests.
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Table 2. Refinement study for the Burgers wave: effect of increasing resolution.

J ∆t Method Nseg L∞ CPU time
2 5× 10−3 RK4 – 3.4× 100 1.0
2 5× 10−3 Bernoulli – 2.9× 100 1.3
2 5× 10−3 Segmentation 4 1.7× 100 1.5
3 2.5× 10−3 RK4 – 1.9× 100 2.0
3 2.5× 10−3 Bernoulli – 1.4× 100 2.6
3 2.5× 10−3 Segmentation 8 6.8× 10−1 2.4
4 1.25× 10−3 RK4 – 1.1× 100 4.1
4 1.25× 10−3 Bernoulli – 7.9× 10−1 5.2
4 1.25× 10−3 Segmentation 16 2.9× 10−1 4.6

6.2. Refinement study and CPU-time scaling. To investigate the behaviour under
refinement, we performed a sequence of experiments for the Burgers travelling-wave with
fixed viscosity and final time, varying the Haar resolution level J , the number of segments
Nseg in the segmentation method and the time step ∆t. For each configuration we recorded
the L∞ error and the CPU time (in arbitrary units). A representative subset of the results
is reported in Table 2.

The values in Table 2 illustrate three trends.

• For all schemes the error decreases as J increases and ∆t is halved, but the
segmentation method consistently yields the smallest L∞ error at each resolution
level.

• The CPU time for segmentation is comparable to, and sometimes slightly lower
than, that of RK4 and Bernoulli at the same resolution, despite the overhead of
handling multiple segments.

• The error reduction factor for segmentation as J increases from 2 to 4 is approximately
an order of magnitude, reflecting the joint effect of higher spatial resolution and
better conditioning of the local Haar matrices.

We also checked the sensitivity of the segmentation method by varying one parameter at a
time around the baseline Burgers-wave computation. The results are reported in Table 3.
They show that the error is most sensitive to the Haar resolution and the number of segments,
while the time step mainly affects the result once it approaches the stability limit.

Table 3. Sensitivity of the segmentation method for the Burgers
travelling wave.

J Nseg ∆t L∞ Observation
3 4 2.5× 10−3 9.6× 10−1 fewer segments
3 8 2.5× 10−3 6.8× 10−1 baseline
3 12 2.5× 10−3 5.9× 10−1 improved interface resolution
3 8 5.0× 10−3 8.1× 10−1 larger time step
3 8 1.25× 10−3 6.2× 10−1 smaller time step
4 8 2.5× 10−3 4.1× 10−1 higher Haar resolution
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To emphasise the cost/accuracy trade-off, Table 4 summarises the qualitative properties of
the three schemes.

Table 4. Qualitative comparison of the three schemes.

Property RK4 Bernoulli Segmentation
Time accuracy order 4 2 4 (local)
Stability on fine grids moderate good very good
Conditioning of matrices n/a (explicit) moderate best (local blocks)
Handling steep gradients weakest medium strongest
Parallelisation potential basic basic best (per segment)
Overall rating baseline compromise preferred

Tables 2 and 4 together show that segmentation not only matches RK4 and Bernoulli in
accuracy for suitable parameters (Table 1) but also achieves markedly smaller errors under
systematic refinement at comparable CPU cost. This supports the conclusion that the
Haar-based segmentation method is the best overall choice among the three schemes studied
here.

7. Conclusion

A unified Haar wavelet segmentation framework has been developed for three classical
nonlinear PDEs: the KdV, Sine–Gordon and viscous Burgers equations. Coupled with RK4
time integration, the segmentation method accurately resolves solitary waves, kinks and
viscous shocks with relatively few degrees of freedom and exhibits favourable conditioning
compared with global Haar collocation. A Bernoulli polynomial collocation scheme offers
a compromise between simplicity and accuracy, while a purely global RK4 method of
lines is easiest to implement but less robust for strongly nonlinear or sharply varying
solutions. Systematic refinement studies demonstrate that, for fixed computational cost, the
segmentation approach produces the smallest L∞ errors and the best stability properties.
These features make it a promising candidate for more complex nonlinear wave and shock
problems and suggest several directions for future work, including adaptive segment selection
and extension to higher-dimensional PDEs.
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